The objective of this study is studying the different predictive models for evaluating dispersion curves of ultrasonic guided waves in composites. The paper reviews different algorithms used for wave propagation analysis in layered composite plates: ( = displacement amplitudes of the partial waves for the qth eigenvalue U 
Nomenclature

I. Introduction
HE use of composite materials is currently implemented in many structural components, including automotive parts, civil infrastructures, compensatory devices and aerospace structures. Composite materials combine the properties of two or more constituent materials, for example, carbon-fiber reinforced polymer composites (CFRP) combine the specific stiffness and strength of carbon fibers with the properties of epoxy matrix. Composite materials can be generally manufactured from metallic, polymeric, or ceramic matrix; however, in this paper the focus is on polymer matrix composites for their wide application in the aerospace industry. Many parts of recent air and spacecraft are manufactured from CFRP and glass-fiber reinforced polymers (GFRP) as well. Because of the challenge of constructing high strength structural parts with constrained light weights; polymer composites are more favorable than metallic alloys. Also, polymer composites can be manufactured into complex shaped components and their properties can be tailored by changing the stacking sequence of layup, i.e. layers or individual lamina.
Detection of damages and flaws as well as structural integrity of polymer composites is receiving as much attention as the advantages and applications of these materials. Lamb waves ultrasonics, or guided plate waves have long been acknowledged for damage detection in composites [1, 2, 3] . For any study of guided waves propagation in structures, wave's propagation speeds are essential for further analysis, e.g. impact source localization, reflection, transmission and mode conversion at damages. In many cases, robust predictive models of wave's speeds are needed before conducting experimental studies. Therefore; in this paper, our focus is on comparing different methods of calculating ultrasonic guided wave's speeds in composite materials.
Lamb wave theory is well documented in many references [1, 4, 5, 6] . For isotropic materials, the wave equation can be expressed by two potential functions and the pressure and shear wave velocities. The shear horizontal (SH) wave propagation in this case is decoupled from longitudinal (or pressure waves P) and shear vertical (SV) wave propagations. Lamb waves are symmetric and antisymmetric and they are dispersive by nature, i.e. (are having different speeds at different frequencies). The characteristic equation (Rayleigh-Lamb equation) is obtained by solving wave equation and apply stress free boundary conditions at upper and lower surfaces of the plate.
In the case of fiber reinforced polymer (FRP) composites where the material is generally anisotropic, the three types of guided waves (P, SV, and SH) are coupled and it is not possible to find close form solution of the dispersion curves. There are different methods to calculate dispersion curves in multilayered composite materials (a) Transfer 55 66   2  16 33  16 36 55   2  2  2  2  11 33  11 44  13  13 55  16 45  33 66  36  36 45  44 55  45  55 66   24  33  44  55   2  2  2  2 4  3 6  3  11 55 66  16 55  11 55  11 66  16  55 66  11  55  66   2   (  2  2  2 , ,
Using any two equations in Eq.(4), we find the displacements ratios (i.e. eigenvectors). However, careful selection of the two equations is important. If this algorithm is used for isotropic metallic layer or a composite layer that is almost isotropic, the displacements ratio 31 /W U U  suffers a singularity situation. Therefore, the ratios documented in references [10, 11] are exchanged by [13] 2  2  2  11  55  45  36  16  45  13  55  2   2  2  2  1  13  55  66  44  16  45  45  36   2  2  2  2  2  2  11  55  66  44  16 
The stresses that are of interest are 33 13 23 ,, 
The idea of TM method is relating the layer properties and boundary conditions at the top and bottom surfaces with other layers. This is done by applying continuity of displacements and equilibrium of stresses. The layer transfer matrix k A relates the displacements and stresses of the top of the layer to those of the bottom of the layer
Where k A is the 4 x 4 matrix of Eq. (13) . Call the 6 x 6 matrix of Eq. (12) X, the vector of 1i U elements U, and the diagonal matrix of elements
American Institute of Aeronautics and Astronautics [13] showed that due to refraction within one or more layers of the laminate; some of the plane waves can be internally reflected, meaning that their partial waves will be evanescent within the layer, i.e. propagating constant will be imaginary in the exponential can be very large or very small. The TM formulation in itself has no deficiency. But numerical computation of this real exponential that rises and falls quickly suffers instabilities frequently (Figure 1 ).
There have been many publications proposing reformulation of equations to avoid this problem e.g. [14] . The method is based on using stiffness matrix (SM) instead of (TM); this is done by re-arranging terms of the TM such that displacements at both the top and the bottom of the j layer are in a single column matrix. Similarly, tractions at both the top and the bottom of the j layer are combined in one single column matrix. The transfer function between them will be the stiffness matrix (SM) or
This is on contrast to the transfer matrix in which displacement and traction for each boundary are combined in the one single column vector, Eq. (13). The recursive approach to find the "total" stiffness matrix of all layers is well documented in the Ref. [13] . That approach is not straight forward as the one applied for finding the total TM. For total TM, we simply multiply transfer matrix of all individual layers. The total stiffness matrix for two layers is [13]         11   11  12  11  22  21  12  11  22  12  00   11  22  21  11  22  21  22  21  11  22 12
For complete understanding of that approach and implementation in Nayfeh formulation [10] , recall the X matrix in Eq.(12), and for simplicity, we consider the case of decoupled SH waves, where the X matrix is reduced to 4 x 4 
For the case of decoupled SH waves; 35 , WWcan be explicitly expressed in terms of 35 ,
Equation (18) 
For the top surface (j-1) as shown in Figure 2 , where d is the layer thickness. Equation (20) 
Define the 4x4 matrix in Eq. (21) 1  1  11  12  11  12   1  1  2  2  21  22  21  22 , 
C. Global Matrix method (GM)
Global matrix is first developed by [15] . It is combining stresses and displacements at the boundaries of each layer with boundary conditions and assembles them in one single matrix. Compared to 7] transfer matrix technique; global matrix has the advantage that it remains stable at high frequency-thickness products. GM shows the same base matrix whatever for real or imaginary wave numbers, vacuum, liquid, or solid halfspace [9] . The disadvantage is that the global matrix end to be a large matrix for laminates with large numbers of layers. Following is a brief description of the method [16] . In the GM method, one matrix represents the whole system, and if SH waves are not decoupled; then the general size of the matrix is 6(n-1) equations, where n is the number of layers including the two semi-infinite media. 
Numerical solution for matrix methods
Root solving methods are mostly numerical and iterative; it was reported in [9, 16] that roots can be determined in a robust way by varying the phase velocity at fixed frequency or vice versa. Initial guess is needed and tracing is determined by linear extrapolation of two roots. Afterwards, when sufficient number of roots is determined; a quadratic extrapolation is used. 
D. Semi Analytical Finite Element method (SAFE)
SAFE discretizes the structure cross section allowing different cross sections to be analyzed, because of the finite element discretizing in cross section. In the same time it solves analytically for wave propagation direction; which makes it more efficient in terms of computational time and memory than a complete FEM [17, 18] . The advantage of discretizing the cross section is that it allows the modeling of any arbitrary cross sections (e.g. rail [19, 20] ). Also, in general the material is defined in FEM by stiffness matrix; that makes SAFE method to be very straight forward for application of anisotropic materials. SAFE is becoming popular for analyzing guided wave propagation in composites [20] SAFE solutions are obtained in a stable manner from an eigenvalue problem, and thus do not require the root-searching algorithms used in transfer matrix algorithms. A brief description following [19] , the virtual work principle states (
Where T is the transpose;  is the density; (.)d 
E. Local Interaction Simulation Approach (LISA)
LISA discretizes the system into a lattice like finite difference method and its formulation is based on elastodynamic equations. The advantage of LISA appears when discontinuities or changes needed to be applied to the material properties; those changes are treated by simply modifying the properties of the lattice at the corresponding locations. LISA is well studied by Delsanto [21] 
Where S is the stiffness tensor,  is the material density, w is displacement. Time is discretized and the propagation medium is discretized into a lattice with special steps [22] . Finite difference (FD) formulation is used in recursive equations to represent the second order space derivatives of the neighboring points of a generic point O in the lattice.
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The finite difference formalism is then used with the elastodynamic equation of motion to generate three iterative equations which allow computation of displacements p u at time t+1 as a linear combination of displacement components at time t and t-1. A well-organized formulation was reported in Ref. [23] with experimental validations of LISA for both isotropic and anisotropic media. Another study [22] compares LISA approach with experimental results using laser vibrometer for elastic plates.
F. Equivalent Matrix Method (EM)
At the end more insight was put onto EM method; it is a very quick and reliable approach for analyzing cross ply laminates due to the fact that transformation matrix between 0 and 90 degrees is straight forward and can be done manually It can be applied for generally orientated layers as well; though the developed code in this study is only for cross ply laminates. The procedure is as follows
Where S is the compliance matrix, and C is the stiffness matrix, T is the transformation matrix. Fill direction is the unidirectional one, and warp is the perpendicular one. Then the corresponding warp stiffness is calculated and the average is determined
This method is used in Ref. [24] . The example used in this study is T300/914 CFRP and the corresponding unidirectional lamina stiffness coefficients and the EM are 143.8 6. 
Transformation matrix is available in many mechanics of composites textbooks, e.g. [12] .
III. Results and Comparisons
In this section, results are shown for dispersion curves (phase velocities, and some group velocity curves), the material used as case study is T300/914 CFRP used in DISPERSE software manual [16] and other studies [20, 11] . These material properties are used for unidirectional case studies as well as cross ply cases, i.e. subsections A, B. DISPERSE software is used for GM method (with both phase and group velocity curves). GUIGUW computer package which is used in [20] and is available online is used for SAFE method; the core code is used with help from the developers instead of the online interface. Both TM method and EM results are developed by our group. SSTM method is still under development. And finally results reported for LISA are reported from literature [25] as we did not find yet an available tool based on LISA. Table 1 TM method dispersion curves is a half figure, because we did not run sufficient wave number-speed sweep to cover the frequency domain when we convert d One observation (Table 2) is that SH0 sometimes are missed during DISPERSE root finding, but can be carefully found by manual sweep. As expected, as the angle between wave propagation direction and the fiber increases; the material becomes more compliant. It is stiffer along U0 direction than along U45. The wave speed along U0 is the maximum. This behavior is reported by three methods, GM, SAFE and TM; as the dispersion phase velocity of S 0 becomes around 8000 m/s. However, for TM method, we always see the "mistake" root around 4000 to 5000 m/s. Next is the interesting 45 degrees unidirectional fiber case. 
Results of 45
  , (Table 3) indicate a missing A 0 from GM run. On the other hand, the corresponding dispersion curves reported in literature [16] showed a missing A 0 . Table 4 shows good correlation between the three methods for U90 case. However, more investigation is needed for TM method, to fix the frequency axis mismatch. As a general note, all cases are normalized to be 1-mm thick laminates. A comparison between LISA method, and DISPERSE (i.e. GM) is reported in [25] . The material used is unidirectional IM7 Cycom 977-3 multilayer unidirectional laminate with 1.5 mm thick. The authors compared A 0 mode using group velocity dispersion curves.
B. Cross-ply laminated composites
In this subsection, we study two cases: [0/90] laminate with each layer is 0.5 mm thick and [0/90] s with each layer equals 0.25 mm thick. The material is the same T300/914 used before. In this section, we use Equivalent Matrix method as well for comparison. Table 5 shows GM and SAFE comparisons. In the next page, Table 5 cont'd shows phase velocity for both TM and EM methods. it is concluded that EM can just give a rough estimation, especially for the cases of few number of layers, but it is noticed that S 0 speed at very low frequency is almost 7000 m/s in all method. GM and SAFE agree very well. TM method has the same trend with the same glitch in frequency axis, i.e. the first mode after the three S 0 , A 0 , and SH 0 has a cut off frequency around 1MHz; while, for TM method it is shown less than 500 kHz. 
C. Quasi isotropic composite Laminate
The material used for this case study is T800/924 CFRP, following the example in [16] 
IV. Experimental and Finite Element Simulation Results
A. Experimental setup
The structure under investigation is a Norplex-Micarta 'NP130' fiberglass plate consisting of a woven glass fabric substrate combined with an epoxy resin system. This material is commonly used in naval industry. All the plies are oriented in the same direction, so the resulting laminate is symmetric and presented two main directions with very similar elastic properties at 0 and 90 degree. The plate dimension is A large number of piezoelectric wafer active sensors (PWAS) disks (Steminc SM412, 7mm diameter disks) are used for Lamb wave propagation analysis, involving various angular directions. The PWAS network bonded on the glass laminate is described on Figure 7 . We performed the experimental acquisitions; from 1 to 300 kHz step 6 kHz, using PWAS #0 as actuator, and the other PWAS disks as sensors. As exciting signals we used 3 sine cycles with Hanning window, having maximum amplitude 100 Volts. Figure 8 shows the experimental dispersion curve for the propagation path at 0 degree. As we can observe, only two modes are present, A0 and S0 mode. Moreover the velocities of these modes have an acceptable match with the dispersion curve calculated analytically. The SH0 mode is not detected in this study. [27], we include it here as an example for CFRP materials. The layer material is A534/AF252, same stiffness properties of T300/5208. Experimental results were compared with the analytical TM after calculating group velocity curves from the phase velocity ones (Figure 9) 
B. Dispersion curve in GFRP
T-PWAS 200 mm
C. FEM model
The aim of the numerical studies is to systematically investigate the robustness of the proposed Lamb-wavebased methodology for anisotropic composite laminates. The finite element (FEM) is employed to simulate Lamb wave propagation. The effectiveness of conventional finite element modeling of elastic waves propagating in structural components has been shown in the past. The case of Lamb waves in free isotropic plates is a classic example [28, 29] . The commercial software used in the present study, ABAQUS, is based on a central difference method [30] . In preliminary studies [31, 32] , we investigated how the group velocities of the S0 and A0 waves vary of 0.1mm is not practical for 2-D wave propagation because of considerable long time of calculation. In our 2-D case, we choose a mesh size of 0.5 mm which gives an acceptable computation time and reasonable accuracy. The fundamental anti-symmetrical mode (A0) is preferable and more sensitive to damage because its wavelength is shorter than that of the S0 mode at the same frequency. However, the A0 mode exhibits more dispersion at low frequencies. The FEM simulation of the A0 mode requires fine spatial discretization with substantial computational cost for the sake of the short wavelength. In contrast, the mode shapes of the S0 mode are simpler and the stresses are almost uniform throughout the thickness of the plate at low values of the frequency-thickness product. For these reason, the two modes S0 and A0 were selected in this study to compare with the experimental results.
The use of multi-physics finite element method (MP-FEM) allows us to directly apply the excitation voltage at the transmitter PWAS (T-PWAS) and directly record the capture signal at the receiver PWAS (R-PWAS). We used the ABAQUS implicit code to simulate the generation of Lamb waves in a 3.2-mm laminate glass fiber plate with surface mounted 7-mm round PWAS placed as shown in Figure 7 . The plate was discretized with S4R shell elements of size 1-mm in the xy plane (mesh density comprised between 23and 8 NN  elements per wavelength). Each laminate is composed of three integration points. The PWAS transducers were discretized with the C3D8E piezoelectric element. We modeled the electric signal recorded at the R-PWAS due to an electric excitation applied to the T-PWAS which generated ultrasonic guided waves travelling through the plate. The piezoelectric material properties were assigned to the PWAS as described in [33] . 
V. Conclusion
Different algorithms were evaluated for calculating dispersion wave speeds in composites. The paper briefly covered the mathematical formulation of each method. This work focused on the TM method and the efforts for generating a stable robust algorithm. Transfer matrix method is a reliable technique for wave propagation analysis in layered media; its advantage is that it condenses the multi-layered system into four equations (for the case of decoupled SH waves) or six equations relating the boundary conditions at the first and the last interfaces. It eliminates all other intermediate interfaces; which save a lot in terms of computational time and complexity. Hence, TM method is favorable. One drawback TM method suffers is its numerical instability of the solution at large frequency-thickness products. There have been many publications proposing reformulation of TM equations to avoid this problem. The method is based on using stiffness matrix (SM) instead of TM; this is done by re-arranging terms of the TM such that displacements at both the top and the bottom of the layer are in a single column matrix, and similarly for stresses.
Global matrix combines stresses and displacements at the boundaries of each layer with the whole system boundary conditions and assembles them in one single matrix. Global matrix has the advantage that it remains stable at high frequency-thickness products. The disadvantage is that the global matrix ends to be a large matrix for laminates with large numbers of layers. Semi Analytical Finite Element (SAFE) discretizes the structure cross section allowing different cross sections to be analyzed, because of the finite element discretizing in cross section. In the same time it solves analytically for wave propagation direction; which makes it more efficient in terms of computational time and memory than a complete FEM. In general the material is defined in FEM by stiffness matrix; this makes SAFE method a very straight forward for application for anisotropic materials. SAFE is becoming popular for analyzing guided wave propagation in composites. Local Interaction Simulation Approach (LISA) discretizes the system into a lattice like finite difference method and its formulation is based on elastodynamic equations. The advantage of LISA appears when discontinuities or changes needed to be applied to the material properties; those changes are treated by simply modifying the properties of the lattice at the corresponding locations. Equivalent Matrix (EM) is very quick and reliable approach for analyzing cross ply laminates due to the fact that transformation matrix between 0 and 90 degrees is straight forward and can be done manually.
The paper presented case studies for (a) unidirectional composites with wave propagation along different angles. GM had very good agreement with SAFE method. Our TM tool is still under development and it showed similar results in terms of speeds values; however, cut off frequencies were not correct. Next, we presented case studies on (b) cross-ply laminates; in this case, results were compared with EM method as well. Trends seemed to agree with differences along frequency axes. Finally, (c) the paper presented comparisons on quasi-isotropic laminates, and it showed very good agreement between GM and SAFE methods.
Finally, experimental and finite element studies on GFRP woven composite sample were discussed. Piezoelectric wafer active sensors (PWAS) transducers were used for pitch catch experiments using three tone burst excitation signals. Experimental dispersion group velocities showed good agreement with the theory. In Multiphysics finite element model, we used shell elements for the plate and coupled field element for the transducer; this allowed simulation of the input excitation and output response in voltage. Rayleigh damping was considered in the model and careful selection of damping coefficients is important for simulating actual experimental response.
As an overall conclusion, analytical based methods are favorable compared to FEM. Although many analytical methods incorporate numerical root finding algorithms, they are more efficient than FEM in computational resources with the major key fact that FEM can model complex geometries. This limitation in analytical methods is no more an issue after developing semi analytical finite element tools which can model arbitrary cross sections. New methods need to be designed for even complex sandwich composites with complex filling structures (e.g. honeycomb).
